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Note

Application of Generalized Padé Approximants
to the Special Function Evaluation Problem

A new approach to generalized Padé approximants is presented. Its main interest lies in the
fact that it avoids instability and/or round-off errors which occur in traditional algorithms for
evaluating Padé approximants. Moreover, the approximants are readily obtained. Applications
concerned with the tabulation of some transcendental functions in their critical domain
(Weber and Bessel functions) illustrate the power of the method.

I. INTRODUCTION

Theoretical physicists are often confronted with the problem of poor convergence.
A possible key to that problem is furnished by the theory of the acceleration of
convergence [1]; consider the slowly convergent sequence

S, =S+ O(n).

It is possible to find an algorithm which replaces the sequence (S,) by another
sequence () which converges faster than (S,). There are many such algorithms
available; however, their applicability is closely dependent on the form of the original
sequence. The best known are the algorithms ¢ [2], p, and @ [1]. A more general
algorithm has been found recently by Havie [3] and Brezinski [4] (E-algorithm).

Physicists almost always have recourse to Padé approximants [5] which are
intimately correlated with the e-algorithm. Note that this algorithm is most efficient
when the original sequence (S,) is exponentially convergent (or divergent), i.e., if
O(n) ~ Ap" but performs poorly otherwise.

In this paper, we shall develop a new approach to Padé approximants which will
exhibit several advantageous features: compactness, stability, and rapid convergence.

II. VARIATIONS ON A THEME OF PADE

1. Theme

Suppose that we need to tabulate the function f(z) defined by its MacLaurin
expansion

f@y=co+eiz+cz2 + e (1)
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The classical theory of Padé defines approximants [L/M] given by
[L/M]=(ag+a,z+ - +a,2")/(bo+ bz + -+ + byz™)

with the following properties [5]:

(a) by=1,
(b) the MacLaurin expansion of [L/M] coincides with that of f(z) up to an
including order z-*¥,

Even when (1) is divergent, it is known that suitable sequences [L/M| may
converge to the value of f(2).

Various methods have been proposed to evaluate the successive approximants
[L/M]. Recurrent algorithms have been found, but the drawback of possible round-
off errors and/or instability exists. The problem has been discussed recently by
Graves-Morris [6].

2. First Variation
It is possible to express the special Padé approximant [s — 1/s] in a different way

f@)~[s—1/s]= Z Ai/(1 — w;z).
i=1
The idea naturally arises to generalize this approximant by considering the expansion
S(2)~ Z A F(w;z), (2)
i=1

where the function F is given. General properties of such generalized approximants
have been studied by Baker and Gammel [17]. In practical applications, however, the
most widely used examples are F(z) = 1/(1 — z) (ordinary Padé approximants) and
F(z) = exp(—z) (exponential interpolation [7]). Our aim is to try a more systematic
use of the other cases.

We shall first study the general case where the function F(z) is defined by its
MacLaurin expansion

FZ)=ay+a,z+a,z° 4+ - &)

The starting equation is written as

[e o]

[e¢] N 5
Dozt~ Y LF(wz)=Y az* Y Ak,
o i=1 0 i=1

The coefficients of the lowest powers of z can be identified up to and including order
25 — 1. This leads to the following nonlinear system for the 2s unknowns 4, and w;:
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/11 4+ e+ ls = Yo

o™ + o+ A0 =y, @

llwi +---+/15(,U§ =7Vss
Awi 4 +Asw§s_l =Ys-1s

where y,=c,/a;. A quite similar system appears in the theory of Gaussian
quadratures [8]. Its solution is obtained by first eliminating the 4,. One finds

ys =ys—lA1 _ys—ZAZ +"'+(—1)S+IYOA5’
Vs+1 =54, — V514, + o +(—1)S+1y|As’ %)

Vas—1= Y5241 — Vo34 + - + (_I)SH}’s—xAsa

where the 4, are the fundamental symmetrical polynomials acting on the w;
A,=Zw,, A4,=3 Y ww,, vy Ag=]] ;.
i i<j i
Solving system (5) leads to the values of 4,,..., 4,. The w, are then found as the roots
of the polynomial equation

2 — A, 4 4,257 4+ (—1)4,=0.

Finally, the 4; are deduced from the first s equations of system (4). That approach
is not very efficient in practice because it needs the resolution of two linear systems
of order s.

Fortunately, an alternative exists, the recurent computation of the w; and of the 4.
Hence, system (4) exactly describes the [s — 1/s] Padé approximant of the function
YO ¥ /z¥* 1. In greater detail [9]

ZO Ykzk+l ~ Z,l ).,-/(Z —wi) :Ps(z)/Qs(z)

Yo
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The coefficients a, and b, in the continued fraction are calculated with the aid of the
g — d algorithm of Rutishauser (see Appendix A). Polynomials Q,(z) and P (z) are of
degree s and s — 1, respectively. They are calculated recursively through the scheme

X =@E—a) X, —bX,_y, (k=0,1,2,.), (6)
together with the initial conditions
Q_,=0, Q=1 P_i =7y, Py=0 (and by =—1).
The w, are the roots of Q(z), while the 4, are known as the Christoffel constants [10]

A= Py(w,)/Q(w))- (7)
In summary, the strategy is as follows:

(1) In Egs. (1), (3), the ¢, and the a, are given. We fix s, a positive integer. We
define y, = ¢, /a, (k=0, 1., 25 — 1).

(2) The g —d algorithm is applied to the sequence (y,) in order to find the a,
and the b, (k=0, 1,...,s — 1) (see Appendix A).

(3) The polynomials Q,(z) and P,(z) are calculated recursively (k= 1,...,s)
with the aid of Eq. (6).

(4) The roots of Q.(z) are the desired w; and Eq.(7) leads to the
corresponding 4;.

(5) Those A; and w; are introduced in Eq. (2) to obtain the approximation of
order s. Increasing s theoretically improves the precision.

One may say about the above strategy that the algorithm works effectively. It
solves the classical problem of expanding f(z) in the form of an [s— I/s] Padé
approximant (i.e., y,=c¢,) or as a sum of exponentials (i.e., y, = (—1)*k!c,). The
advantage is that f(z) is expanded in terms of known functions F(z). The sole
drawback is the recourse to the g — d algorithm which might be unstable or develop
large round-off errors.

3. Second Variation

In place of giving simple algebraic values to the a, (corresponding to an expansion
in terms of simple known functions F(z), it is preferable to do that with the y,. Only
those values of y, which allow the exact resolution of the g —d scheme will be
considered, since the g — d scheme is the sole critical point in the above strategy. In
Appendix A, the details of the exact resolution of the g — d algorithm are presented.
The improved strategy runs, therefore, as follows:

The function f(z) = ¢, + ¢,z + ¢,z + «-- is given; s is fixed.
The y, are chosen so that the g—d scheme is exactly calculable.

Examples are y, =I'(k + a), y, = a**" V"%, y,= 1/(k + @),.... The a, and
b, are therefore also known exactly.
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The polynomials Q, and P, are computed recursively through (6). The 4,
and the w, are deduced as indicated previously.

One has the approximation of order s
s
Sflz)~ Z A F(w;z) with  F(z)=co /7 + ¢, 2/7, + e, 2%y, +
i=1

Our method computes stable approximations to f(z) very rapidly. Even when the
starting expansion (1) is divergent, the algorithm remains efficient prov1ded that the
expansion defining F(z) is convergent.

III. NUMERICAL EXAMPLES

Details of the numerical algorithms used to obtain the 4; and the w, are reported in
Appendix B.

EXAMPLE ONE: f(z) =In(1 4 z)/z. In this case we have c, = (—1)*/(k + 1). We
choose y, = k! so that

F(z) = (1 —exp(—2))/z.
The final result is written as:

F@) =In(l + 2)fz = 3" 2, LD

i=1 w;z

where the w, are the roots of the Laguerre polynomials and A; the corresponding
Christoffel constants [11]. Table I presents the numerical results in two cases, z =1
and z =2 (i.e., outside the circle of convergence of f(z)).

TABLE 1

Successive Approximations of the Function In(1 + z)/z; the Precision Increases with s.

s z=1 z=2
1 0.632120558828 0.432332358381
2 0.687464136346 0.524213272629
3 0.692593688196 0.543742419715
4 0.693091785341 0.548044127255
10 0.693147180488 0.549305929851
14 0.693147180559 0.549306143611
In(z + 1)/z 0.693147180559 0.549306144334
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ExaMPLE Two: f(z)= U(a,z) (Weber-Hermite function) (a>0). It is well
known that the tabulation of certain transcendental functions is difficult in some
critical domains. Two examples are the Weber function U(a,z) and the Bessel
functions K, (z). In both cases, there exists a MacLaurin expansion valid near the
origin and an asymptotic expansion valid when |z| is sufficiently large. In the inter-
mediate domain, say, 3 < z <9, accurate computation is difficult. The case of the
Weber function is particularly difficult [12]. Consider the asymptotic expansion of
the Weber function [13]

exp(—z?/4)z72" 172

@+ 1/2) [FMa+H—Ta+3)Hu* /1N +Ta+3)u*/2!+ -],

Ua, z) ~

where u?=1/(2z?). Choose y,=I(k+a+3). We immediately deduce the
remarkable result

2 -a-1/2 s
XPZ/NE ") explwl /220,

V) == rar13 &

where the w;, are the roots of the associated Laguerre polynomials L{*~"/?(z), and the
A; are the corresponding Christoffel constants. In Table II, we see an increase in
precision as s increases. The figures which remain stable may be considered as exact.
A check performed with the aid of the existing tables [13] confirms the assertion. The
tabulation of U(a, z) outside the range 0 < a <2 is performed by using the well-
known recurrence relation which connects U(a + 1), U(a), and U(a — 1) backwards
(Miller’s algorithm [23]).

EXAMPLE THREE: f(z)=K,(z) (Bessel function of the third kind) (v > 0).
Working as in the second example, we start with the asymptotic expansion of K,(2)
[13].

K (z) ~\/7/2zexp(—2) [1 +,u8—zl + 01*2!1()8(5):9)4 (,u—l)(;zlézggu—ZS) + }

(with 4 = 4v* and z large). We choose y, = I'(k + v + 1) and after the calculation of
F(z) we find another remarkable result:

_Vrf2zexp(=z) ¢ o112
KD(Z)—W :; A1+ @, /22)" 17,

where the w, are the roots of the associated Laguerre polynomials L~ '/?(z) and the
A; are the corresponding Christoffel constants. Exhibited in Table III is the increase
in precision as s increases. Outside the range 0 v € 2, the reader may have recourse
to the recurrence satisfied by X ,(z) and to Miller’s algorithm. It should be mentioned
that the same formula seems to be valid in the whole complex plane. That point will
be investigated more closely in future studies.
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FourTH EXAMPLE: hypergeometric functions. Working as before, it is easy to
establish the following approximations (y, = I'(n + b)/I'(n + ¢)):

Fi@, b3 2) = [ME/T®)] Y 41 - w2) ™
Fi(@3652) = TO/T@) 3, exp(@ia),

where the w, are the roots of the Jacobi polynomials F(—s, s + b — 1; ¢; z) and the 4,
the corresponding Christoffel constants. Similar formulas can be written for reducing
arbitrary ,F, generalized hypergeometric functions.

IV. DiscussioN AND CONCLUSION

This paper develops an approach to generalized Padé approximants; we exchange a
poorly convergent series f(z)=c,+c,z+ ---for a more rapidly convergent one
F(z)=a,+ a,z + ---, where we have

a;=¢;/;

y; being simple given algebraic expressions. We have shown that an orthogonal
polynomial family Q.(s) arises naturally in the scheme. The connection with the
classical problem of moments (20-22) then becomes obvious since it is immediately
seen that

b
Vo= J t*w(t) dt,
the density w(¢) being associated with the family Q,;
b
J () Qu(®) w(t) dt =hy, 6,y s

i.e., the integral equals zero if m # n. The associated polynomials P (z) are given by
the formula [18]

Pz)=—7 |

1=
z—1

a

Both Q; and P, obey the recurrence (6)

Xe=(E—a) X, — b X, _,,
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where the a, and the b, evolve from the y, through the g —d scheme. Its minimal
solution is given by

£@n=0.e) (S 0/ ) P&~ ) 01/

since it is easily proved that lim__,  g,/Q,=0.
Another integral representation of g, is

g0 =1, 200 g,

We applied the new scheme to the evaluation of certain special functions. With this
new method

(a) The calculations arc simple. The second and third examples of Section III
are particularly convincing since one easily obtains surprisingly good approximations
of functions which are well known to be difficult to evaluate in their critical domain.

(b) The convergence is as good as with ordinary Padé approximants.

(c) The method is stable because the g — d algorithm has been solved in an
exact way.

(d) The calculation may be performed at a preassigned order s without first
performing all the calculations at the successive orders 1, 2,...,5 — 1.

Many other problems remain open, properties of convergence, limits of validity of
the method, etc. They will be investigated in future papers.

APPENDIX A

1. The q —d Algorithm 9]

Starting with a sequence yg, 7;,..., ¥2,_1, the g — d algorithm runs as follows:

e =0 (n=0,1,2,.,25— 1),
4 =Vni1/Vn (n=0,1,2,..,25~2),
e’ =ey" " +q" " — gl
gim | = e+ Vgt jgtm (k=1,2.,5—1,n=0, 1,..).

Then the coefficients of Eq. (6) are given by

a,=eP+q®, (k=01,.,5-1),

b, =qVel” (k=1,2,..,5—1) but by=-1.
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2. Exact Resolution of the q — d Scheme

For a given sequence y,, it is generally necessary to work recursively and
numerically, since no simple expression exists for the general g{” and e}”.
Wynn [19] has presented the most general case which can be solved exactly in closed
form

- jﬂ (A —g=*)/B — )]

He has found

q;(n) — qk—l(B _qy+n+k—l)(A _ qa+n+k)/(B _qy+n+2k—2)(B _qy+n+2k—1)’
e;(n) — qn+k(l _qk)(Bqa _Aqy+k—l)/(B _q7+n+2k—l)(B _ q7+n+2k)'

He has also described the associated orthogonal polynomial families Q((z) and
Py(z). Y. L. Luke [16] has studied in great detail various important special cases:
=I'(n+a), 1/I(n+a), p®"**", I(n+a)/T(n+b). He has shown that the
assocnated orthogonal polynomxals coincide with the classical ones (respectively,
Laguerre, Bessel, Stieltjes—Wiegert, and Jacobi).

In each case, it can be shown that the function Y & y,/z**" can be approximated
by Padé approximants written in closed forms. The expressions for Q(z) and P(z)
have been detailed by Y. L. Luke {16] who has shown that frequently the exact
values of the approximants themselves are known, rather than the continued fraction
representations.

Other apparently less useful examples might be considered; in fact, each family of
orthogonal polynomials Q,(z) satisfies a recurrence of the type (6). The factors y,
appear to be the moments of the family [15]. In these cases, both a, and b, can be
written in closed form, while the whole g — d scheme is not in general exactly soluble
(i.e., ¢ and e{™ are not expressible in finite form). An extended list of convenient
polynomials is given in [15].

APPENDIX B: NUMERICAL PROCEDURE
The numerical tables included in this paper have been prepared by following the

strategy detailed at the end of Section II-3. The polynomials Q,, @, @, and P, are
calculated recursively (k = 1,..., s) with the aid of Eq. (6) and of its derivatives, i.e.,

Qui1=(E—a) @ — b Qs> Qi1 =+ (@z—a) Qi — b Q1>
f1=20k+ (2 —a) Q¢ — b, Qk_1» P =(z—a)P—bPy_y,

with the following initial conditions:

Q. 1=Py=0",=0,=0",=0¢=0, Qu=P_,/7,=1
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The roots of Q,(z) (which are all real and distinct in the examples considered) have
been determined by using an iterative method due to Laguerre [14].

201 =2;—5Q,(z,))/[Q}(z,) + sign[Q,(z,)] VH],

where H = (s — 1)}[Q!(z,)]* —s(s — 1) Q,(z;) Q/(z;). This method is specially
interesting since it is nonlocal and of cubic convergence for the simple roots (i.e., a
few iterative steps lead to a root correct to ten significant figures, whatever initial
value one has chosen).

NV A W=

[

10.
11.
12
13.

14,
15.

16.
17.
18.

19.
20.

21
22
23
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